We introduce a method for isospin restoration in the calculation of nuclear matrix elements (NME) for 0νββ and 2νββ decay within the framework of interacting boson model (IBM-2). With this method, we calculate NME for all processes of interest in 0νβ − β − , 2νβ − β − , and in 0νβ
I. INTRODUCTION
The question whether neutrinos are Majorana or Dirac particles, and of what are their masses and phases in the mixing matrix remains one of the most important in physics today. A direct measurement of the average mass can be obtained from the observation of the neutrinoless double-β decay (0νββ) periments are underway to detect this decay, and others are in the planning stage (for a review, see e.g. [1] ). The half-life for this decay can be written as
where G 0ν is a phase space factor, M 0ν the nuclear matrix element and f (m i , U ei ) contains physics beyond the standard model through the masses m i and mixing matrix elements U ei of neutrino species. * jbarea@udec.cl † jenni.kotila@yale.edu ‡ francesco.iachello@yale.edu
Concomitant with the neutrinoless modes, there is also the process allowed by the standard model, 2νββ, depicted in Fig. 2 . For this process, the half-life can be, to a good approximation, factorized in the form
The factorization here is not exact and conditions under which it can be done are discussed in Ref. [2] . 
In recent years, interest in the processes (A, Z) → (A, Z − 2) + 2e + + anything (5) has also arisen. In this case there are also the competing modes in which either one or two electrons are captured from the electron cloud (0νβEC, 2νβEC, R0νECEC, 2νECEC). Also for these modes, the half-life can be factorized (either exactly or approximately) into the product of a phase space factor and a nuclear matrix element which then are the crucial ingredients of any double-β decay calculation. In order to extract physics beyond the standard model, contained in the function f in Eq. (2), we need an accurate calculation of both G 0ν and M 0ν . These calculations will serve the purpose of extracting the neutrino mass m ν if 0νββ is observed, and of guiding searches if 0νββ is not observed.
Recently we have started a systematic evaluation of phase space factors (PSF) and nuclear matrix elements (NME) for all processes of interest. The results for NME have been presented in Refs. [3] [4] [5] [6] [7] , and those for PSF in Refs. [2, 7, 8] . The calculations for the nuclear matrix elements have been done within the framework of the microscopic interacting boson model (IBM-2).
Having completed the calculations in all nuclei of interest, we have now readdressed them with the purpose of providing as accurate as possible results. As shown in Table XV of Ref. [5] , the Fermi matrix elements M (2ν) F for 2νββ decay in IBM-2 do not vanish in cases where protons and neutrons occupy the same major shell. Similarly, the Fermi matrix elements M (0ν) F for 0νββ decay are large when protons and neutrons are in the same major shell, as we can see from Table VII of Ref. [5] , where the quantity
GT is reported. The same problem with isospin was present in the quasiparticle random phase approximation (QRPA) both for QRPA-Tü [9] and QRPA-Jy [10] and it was cured recently [11] by changing the values of the renormalization constant g
which is adjusted in such a way as to make
vanish. In this paper, we report on a method similar in spirit, but different in practice from QRPA, and use it to impose the condition M 
II. FORMALISM
The role of isospin in the Interacting Boson Model was extensively investigated in the 1980's and 1990's [12] [13] [14] [15] [16] and is summarized in the paper "Isospin and F-spin in the Interacting Boson Model" by J. P Elliott [17] . As discussed in [17] , IBM-2 wave functions have good isospin in heavy nuclei with a neutron excess. The problem arises only in light nuclei where protons and neutrons occupy the same orbits (sd and pf shells). For these nuclei one needs to introduce an isospin invariant form of IBM, called IBM-3 [12] . IBM-2 can still be used in light nuclei if the parameters of the interaction are obtained by projection from those of the isospin invariant IBM-3. (For the nuclei discussed in this paper, only 48 Ca and 48 Ti are in a situation in which IBM-3 or a projected form should be used.) As a result, isospin does not pose a problem for IBM-2 wave functions.
The problem with isospin in IBM-2 arises in the mapping of the fermion operator for 0νββ and 2νββ decay. The expression for the fermionic transition operator of type Fermi (F), Gamow-Teller (GT), and tensor (T) is
where, for s = 0, Σ (0) = 1, and for s = 1, Σ (1) = σ. In particular, the Fermi transition operator for 2νββ decay, obtained from Eq. (6) by setting λ = 0, s 1 = s 2 = 0, and
and for 0νββ decay obtained from Eq. (6) by setting λ = 0, s 1 = s 2 = 0, and V (r) = H(r), is
where H(r) is given in Appendix A of Ref. [3] . The operator (7), when summed over all particles, cannot change isospin and its matrix elements between initial and final states must vanish. In previous IBM-2 calculations [5] , the matrix elements M (2ν) F were simply discarded and the matrix elements M (0ν) F were kept untouched. We suggest here that a better approximation is that of modifying the mapped operator by imposing the condition that M (2ν) F = 0. This condition can be simply implemented in our calculation by replacing the radial integrals of Appendix A of Ref.
where
This prescription will guarantee that the F matrix el-ements vanish for 2νββ, and will reduce the F matrix elements for 0νββ by subtraction of R
, which is the monopole term in the expansion of the matrix element into multipoles. It is similar to the prescription used in Ref. [11] (see Fig. 4 of Ref. [11] ).
Although the method described in this section is not an isospin restoration of the IBM-2 wave functions which have already good isospin but rather a restoration of the isospin properties of the mapping of the transition operator, we shall, nonetheless, for simplicity refer to it in the following sections as "simply isospin restoration".
III. RESULTS FOR 0νββ
From here on, the calculation of the matrix elements in the interacting boson model proceeds in the same way as in Refs. [3, 5] . We do not repeat the formulas but only report the results of the calculation. In the calculation one needs to specify the parametrization of short-range correlations (SRC). In earlier calculations [3] the MillerSpencer parametrization was used. It has now become clear that Argonne and CD-Bonn parametrizations are more appropriate. Here we use throughout the Argonne parametrization of the correlation function
that is a = 1.59fm −2 , b = 1.45fm −2 , and c = 0.92. We write
with the ratio g V /g A explicitly displayed in front of M (0ν) F .
A. 0νββ decay with light neutrino exchange
In Table I , we show the results of our calculation of the nuclear matrix elements to the ground state, 0 + 1 , and the first excited state, 0 + 2 , broken down into GT, F, and T contributions and their sum according to Eq. (13) . The parameters of the IBM-2 Hamiltonian used in this calculation are those given in Table XXIII of Ref. [5] (with the exception of 154 Gd whose parameters are given in Ref. [18] ).
When compared with the matrix elements without the restoration [5] , we see a considerable reduction of the F matrix elements to values comparable to those of the shell model. The overall reduction in M (0ν) is ∼ 15%. Our results are compared with QRPA-Tü with isospin restoration (Argonne SRC) [11] and ISM (UCOM SRC) [20] in Table II The reduction in the Fermi matrix elements M (0ν) F brought in by the isospin restoration is shown in Table III where the quantity
is shown for the old and new calculation and compared with QRPA without (old )and with (new) isospin restoration, and with ISM. Our isospin restored Fermi matrix elements are comparable to those of the ISM, but a factor of 2-3 smaller than the isospin restored QRPA-Tü results. This may be due to the fact that both in IBM-2 and ISM the model space is rather restricted, while in QRPA several major shells are included.
B. 0νββ decay with heavy neutrino exchange
These matrix elements can be simply calculated by replacing the potential v(p) = 2π Table IV gives the corresponding matrix elements. The index "h" distinguishes these matrix elements from those with light neutrino exchange. Our results are compared with results of QRPA-Tü [21] and ISM [22] in Table V. 1. Sensitivity to parameter changes, model assumptions and operator assumptions
The sensitivity of IBM-2 to parameter changes, model assumptions, and operator assumptions was discussed in great detail in Ref. [5] . We do not repeat this discussion, but only note that because of isospin restoration the sensitivity of F matrix elements to isospin purity decreases from 10% to 1%, including the case of 48 Ca decay, which previously was treated separately from the others. Our TABLE I. IBM-2 nuclear matrix elements M (0ν) (dimensionless) for 0νβ − β − decay with Argonne SRC, gV /gA = 1/1.269, and isospin restoration. error estimate for 0νββ is now 16% for all nuclei. In the case of 0ν h ββ we also estimate a reduced sensitivity of F matrix elements from 10% to 1%, and a reduced sensitivity of the matrix elements F + GT to SRC from 50% to 25%. This sensitivity is estimated by comparing matrix elements with Argonne-CD-Bonn and UCOM SRC. Our total error estimate for 0ν h ββ is now 28% for all nuclei. Our final matrix elements, with error estimate are given in Table VI . In addition to IBM-2, QRPA, and ISM, other calculations have been recently done. In Fig. 4 we compare our results with all available calculations including density functional theory (DFT) [23] and Hartree-FockBogoliubov (HFB) theory [24] .
IV. RESULTS FOR 0νβ
+ β + Matrix elements for double positron (β + β + ) decay and the related processes (ECβ + ) and (ECEC) can be calculated in a similar way.
A. 0νβ
+ β + and related processes with light neutrino exchange
In Table VII we show the results of our calculation of the matrix elements to the ground state, 0 − β − nuclear matrix elements compared with QRPA-Tü (Argonne) [11] , ISM (UCOM) [20] , QRPA-Jy (UCOM) [25, 26] , QRPAdeformed (CD-Bonn) [27] , DFT (UCOM) [23] , and HFB (M-S) [24] .
The parameters of the IBM-2 Hamiltonian used in this calculation are those in Tables II and VI of Ref. [6, 7] , respectively. Also here, as in the previous Sect. III, we see that the F matrix elements are considerably reduced by isospin restoration in comparison with those without restoration given in Table VIII of Ref. [6] . This is also seen in Table VIII where the quantity χ F is shown. The sensitivity here is identical to that described in Sect. III for 0νβ − β − . Our final matrix elements with error estimate are given in Table XI . Isospin restoration has a major consequence on matrix elements for 2νββ decay, since F matrix elements vanish when isospin restoration is imposed. 2νββ matrix elements can be easily calculated in IBM-2 using closure approximation (CA). In this approximation the matrix elements M 2ν , which appear in the half-life Eq. (3) can be written as
The closure energiesÃ GT andÃ F are defined bỹ
TABLE IV. Nuclear matrix elements for the heavy neutrino exchange mode of the neutrinoless double-β − decay to the ground state (columns 2,3,4, and 5) and to the first excited state (columns 6,7,8, and 9) using the microscopic interacting boson model (IBM-2) with isospin restoration and Argonne SRC and gV /gA = 1/1.269. 
which is the Fourier-Bessel transform of the configuration space potential V (r) = 1. In order to confirm that in isospin-restored IBM-2 calculation the Fermi matrix elements for 2νββ decay vanish we have calculated M Using the results in Table XII one can redo the analysis of Ref. [2] and extract the values of the effective g A,ef f from
with |M ef f 2ν | extracted from experiment [31] as compiled in Ref. [2] . The corresponding results are shown in Fig. 5 . Isospin restoration has no effect on the extracted values of g A,ef f , since in the previous analysis [5] the Fermi matrix elements M We also note that, very recently, g A,ef f values have also been extracted in QRPA-Tü [32] and QRPA-Jy [33] with results similar to those in Fig. 5 . 
VII. EXPECTED HALF-LIVES AND LIMITS ON NEUTRINO MASS A. Light neutrino exchange
The calculation of nuclear matrix elements in IBM-2 with isospin restoration can now be combined with phasespace factors [2, 7, 8 ] to produce our final results for halflives for light neutrino exchange in Table XIV and Fig. 6 .
For light neutrino exchange
The average light neutrino mass is constrained by atmospheric, solar, reactor and accelerator neutrino oscillation experiments to be [34] m ν = c 
we obtain the values given in Fig. 7 . In this figure we have added the current limits, for g A = 1.269, coming from CUORICINO [35] , IGEX [36] , NEMO-3 [37] , KamLAND-Zen [38] , EXO [39] and GERDA [40] experiments. Also, henceforth we use c=1 to conform with standard notation. 
B. Heavy neutrino exchange
The half-lives for this case are calculated using the formula
The expected half-lives for |η| = 10 −7 , and using the IBM-2 matrix elements of Table IV , are shown in Table XV. For other values of η they scale as |η| 2 . There are no direct experimental bounds on η. Recently, Tello et al. [43] have argued that from lepton flavor violating 
decay in IBM-2 with isospin restoration, Argonne SRC, and gV /gA = 1/1.269. processes and from large hadron collider (LHC) experiments one can put some bounds on the right-handed leptonic mixing matrix U ek,heavy and thus on η. In the model of Ref. [43] , when converted to our notation, η can be written as
where M W is the mass of the W -boson, M W = (80.41 ± 0.10) GeV [44] , M W R is the mass of W R-boson, and
By comparing the calculated halflives with their current experimental limits, we can set limits on the lepton nonconserving parameter |η|, shown in Table XV. If we write [36] , NEMO-3 [37] , KamLAND-Zen [38] , EXO [39] , and GERDA [40] , and IBM-2 Argonne SRC isospin restored nuclear matrix elements and gA = 1.269. The value of Ref. [42] is shown by X. The figure is in logarithmic scale.
If both light and heavy neutrino exchange contribute, the half-lives are given by C. Expected half-lives for double positron decay
Although no limits are available here, we include for completeness in Fig. 8 our expected half-lives for double positron decay and positron emitting electron capture.
The matrix elements reported in Ref. [7] for R0νECEC were already obtained with isospin restoration and therefore expected half-lives for this process are not reported here. Half-lives of 0νββ decay depend on g A as g 4 A . In Fig.  5 we have shown the values of g A,ef f both for IBM-2 with isospin restoration and for ISM as extracted from 2νββ decay. There is much discussion at the present time TABLE XV. Left: Calculated half-lives for neutrinoless double-β decay with exchange of heavy neutrinos for η = 2.75×10 −7 and gA = 1.269. Right: Upper limits of |η| and lower limits of heavy neutrino mass (see text for details) from current experimental limit from a compilation of Barabash [41] . The value reported by Klapdor-Kleingrothaus et al. [42] , IGEX collaboration [36] , and the recent limit from KamLAND-Zen [38] , EXO [39] , and GERDA [40] are also included. on whether or not 0νββ is equally quenched as 2νββ (and single β-decay). In order to investigate the possible impact of quenching of g A we present in Table XVI  the 
and compare them with the unquenched values with g A = 1.269 also given in Table XVI . Quenching of g A appears to have a major effect on the calculated half-lives, by multiplying them by a factor of 6-50.The question of what value of g A one needs to use is thus a major concern which needs to be addressed. This concern has also been discussed recently in Refs. [45, 46] .
VIII. CONCLUSIONS
In this paper, we have introduced a method for restoration of the isospin properties of the Fermi transition operator in the calculation of the Fermi matrix elements within of the framework of IBM-2, and done a consistent calculation of 0νββ, 0ν h ββ, and 2νββ NME in the closure approximation. With this method, the F matrix elements for 2νββ decay are set to zero, and those for 0νββ and 0ν h ββ are smaller, with χ F factors of order ∼ 0.10 for all nuclei. 
